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We study an invariant solution of the equations of thermodiﬀusion motion and of a viscous heat-
conducting ﬂuid, which is treated as an unidirectional motion in a circular pipe with a common interface
under the action of an unsteady pressure gradient. A priori estimates of the velocity, temperature and
concentration are obtained. The steady state is determined and it is shown (under some conditions on the
pressure gradient) that, at larger times, this state is the limiting one. On the other hand, if the pressure
gradient of binary mixture tends to zero suﬃciently fast, then the motion in pipe is slowed down by the
viscous friction.
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1. Basic Equations and Boundary Conditions
The governing equations of thermodiﬀusion motion (in cylindrical coordinates r, ϕ, z) in the
absence of external forces have the form
ut + uur +
v
r
uϕ + wuz − v
2
r
= −1
ρ
pr + ν
(
∆u− 2
r2
vϕ − u
r2
)
,
vt + uvr +
v
r
vϕ + wvz +
uv
r
= − 1
ρr
pϕ + ν
(
∆v − 2
r2
uϕ − v
r2
)
,
wt + uwr +
v
r
wϕ + wwz = −1
ρ
pz + ν∆w, ur +
u
r
+
1
r
vϕ + wz = 0,
θt + uθr +
v
r
θϕ + wθz = χ∆θ, ct + ucr +
v
r
cϕ + wcz = d∆c+ αd∆θ,
(1.1)
where u, v, w are the velocity components; p is the pressure; θ is the temperature; c is the
concentration; ρ is the density, ν is the kinematic viscosity, χ is the thermal diﬀusivity, d is the
diﬀusion coeﬃcient (ρ > 0, ν > 0, χ > 0, d > 0, α are constants); ∆ = ∂2/∂r2 + r−1∂/∂r +
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r−2∂/∂ϕ2 +∂2/∂z2 is the Laplace operator. The system (1.1) admits a two-parameter subgroup
of transformations corresponding to the generators [1]
∂/∂ϕ, ∂/∂z +A∂/∂θ +B∂/∂c− ρf(t)∂/∂p,
where A, B are constants and f(t) ∈ C∞ is an arbitrary function. The invariant solution has
the form
u = 0, v = 0, w = w(r, t) p = −ρf(t)z +D(t), θ = Az + T (r, t), c = Bz +K(r, t).
(1.2)
The solution (1.2) can be interpreted as follows. Consider the motion of an immiscible viscous
heat conducting liquid and a binary mixture on the interface r = a. Initially, the mixture and
the liquid are at rest and occupy the cylindrical domains 0 6 r < a and a < r < b, respectively.
At time t = 0, the temperature ﬁeld θj = Ajz and concentration ﬁeld c = Bz in the mixture
are created instantly in the whole domains. The pressure gradients fj(t) induce the motion of
mixture and liquid. In this motion, the interface is represented by the cylindrical surface r = a
and the trajectories are straight lines parallel to z axis, see Fig. 1.
Fig. 1. Flow domain
Thus the solution (1.2) can be written as follows (j = 1, 2):
wj = wj(r, t), pj = −ρjfj(t)z +Dj(t), θj = Ajz + Tj(r, t), c1 = B1z +K(r, t). (1.3)
The functions wj , Tj , K can be considered as perturbations of the quiescent state.
On the interface r = a, the following conditions are imposed [2]:
w1(a, t) = w2(a, t), T1(a, t) = T2(a, t), K1(a, t) = λK2(a, t),
k1
∂T1(a, t)
∂r
= k2
∂T2(a, t)
∂r
,
∂K(a, t)
∂r
+ α1
∂T1(a, t)
∂r
= 0;
(1.4)
A1 = A2 ≡ A; (1.5)
f2(t) = ρf1(t), D2(t) = D1(t), ρ = ρ1/ρ2; (1.6)
µ2w2r(a, t)− µ1w1r(a, t) = 0, (1.7)
where λ is the Henry’s law constant, µj = νj/ρj , kj are the thermal conductivities, kj = const.
On the rigid wall r = b,
w2(b, t) = 0, T2(b, t) = 0. (1.8)
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The boundedness conditions at r = 0 are given by
|w1(0, t)| <∞, |T1(0, t)| <∞, |K(0, t)| <∞. (1.9)
The initial conditions have the form
wj(r, 0) = 0, Tj(r, 0) = 0, K(r, 0) = 0. (1.10)
Substituting (1.3) into the governing equations (1.1) we obtain the system of parabolic equa-
tions with the unknowns wj(r, t), Tj(r, t), K(r, t) (j = 1, 2):
wjt = fj(t) + νj
(
wjrr +
1
r
wjr
)
; (1.11)
Tjt = χj
(
Tjrr +
1
r
Tjr
)
−Awj ; (1.12)
Kt = d1
(
Krr +
1
r
Kr
)
+ α1d1
(
T1rr +
1
r
T1r
)
−B1w1. (1.13)
For j = 1, r ∈ [0, a), and for j = 2, r ∈ (a, b). Thus we have the linear conjugate initial-
boundary problem (1.11)–(1.13), (1.4)–(1.10).
2. Stationary Solution
We ﬁnd the steady-state solution of the problem (1.4)–(1.13) (the initial data (1.4) are ignored
in this case). All unknowns do not depend on time, so w0j (r), T
0
j (r), K
0(r), f1(t) = f
0
1 = const,
D1(t) = D01 = const. Such a solution has the form
w01 =
f01
4ν1
[
(b2 − a2)µ+ a2
(
1− r
2
a2
)]
, w02 =
f01 b
2µ
4ν1
(
1− r
2
b2
)
, µ = µ1/µ2,
T 01 =
Ar2f01
16χ1ν1
[
a2 + µ(b2 − a2)− r
2
4
]
+ C1, (2.1)
T 02 =
Ar2ρf01
16χ2ν2
(
b2 − r
2
4
)
+ C2 ln r + C3, K
0 = −α1Ar
2f01
16χ1ν1
[
a2 + µ(b2 − a2)− r
2
4
]
+ C4,
where C1, . . . , C4 are well-known constants.
Remark 1. Stationary distribution of concentration is only possible in the absence of concen-
tration gradient in the direction of motion at the initial moment of time. When B 6= 0, the
concentration is always non-stationary.
3. A Priori Estimates of Velocities
It can be seen that equations (1.11)–(1.13) form three problems for functions (w1, w2), (T1, T2)
and (K). These adjoint problems can be solved successively. We have the following adjoint linear
initial boundary value problem ﬁrst,
w1t = ν1
(
w1rr +
1
r
w1r
)
+ f1(t), 0 < r < a; (3.1)
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w2t = ν2
(
w2rr +
1
r
w2r
)
+ ρf1(t), a < r < b; (3.2)
w1(r, 0) = 0, w2(r, 0) = 0; (3.3)
|w1(0, t)| <∞; (3.4)
w2(b, t) = 0; (3.5)
w1(a, t) = w2(a, t), µ2w2r(a, t)− µ1w1r(a, t) = 0. (3.6)
There exists the energetic identity
∂
∂t
E + µ1
a∫
0
rw21r dr + µ2
b∫
a
rw22r dr = ρ1f1(t)
( a∫
0
rw1 dr +
b∫
a
rw2 dr
)
, (3.7)
where
E(t) =
1
2
[
ρ1
a∫
0
rw21 dr + ρ2
b∫
a
rw22 dr
]
. (3.8)
The uniqueness of solution for problem (3.1)–(3.6) follows from (3.7).
The right-hand side of (3.7) admits the estimate
( a∫
0
r dr
)1/2( a∫
0
rw21 dr
)1/2
+
( b∫
a
r dr
)1/2( b∫
a
rw22 dr
)1/2
6C1
√
E(t), (3.9)
C1 =
√
2 max
(
a√
ρ1
,
√
b2 − a2√
ρ2
)
. (3.10)
Moreover, there is another identity for the problem (3.1)–(3.6)
ρ1
t∫
0
a∫
0
r
[
w21t + ν
2
1
(
w1rr +
1
r
w1r
)2]
drdt+ ρ2
t∫
0
b∫
a
r
[
w22t + ν
2
2
(
w2rr +
1
r
w2r
)2]
drdt+
+µ1
a∫
0
rw21r dr + µ2
b∫
a
rw22r dr =
ρ1
2
[a2 + ρ(b2 − a2)]
t∫
0
f21 (t) dt.
(3.11)
Therefore, if
∞∫
0
f21 (t) dt = C
2
2 , (3.12)
then the following estimates hold
a∫
0
rw21r dr6
[a2 + ρ(b2 − a2)]C22
2ν1
,
b∫
a
rw22r dr6
ρ1[a
2 + ρ(b2 − a2)]C22
2µ2
. (3.13)
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Lemma 1. The following inequality holds:
a∫
0
rw21 dr +
b∫
a
rw22 dr 6 M0
µ1 a∫
0
rw21r dr + µ2
b∫
a
rw22r dr
 (3.14)
where M0 is the solution of the variational problem
M0 = sup
v1,v2∈V

a∫
0
rv21 dr +
b∫
a
rv22 dr
µ1
a∫
0
rv21r dr + µ2
b∫
a
rv22r dr
 . (3.15)
Here V ⊂W 12 (r; 0, a)×W 12 (r; a, b), and conditions (3.3)–(3.6) for v1, v2 are satisfied.
The solution of Euler equations for (3.15) is given by [3]
v1 = C1J0
(
1√
M0µ1
r
)
, v2 = C2J0
(
1√
M0µ2
r
)
+ C3Y0
(
1√
M0µ2
r
)
. (3.16)
Let us denote a1 = b/a, a2 =
√
µ1/µ2, x = a/
√
µ1M0, then M0 (more precisely x) is the root
of equation
J0(x)[J1(a2x)Y0(a1a2x)− J0(a1a2x)Y1(a2x)]+
+a2J1(x)[J0(a1a2x)Y0(a2x)− J0(a2x)Y0(a1a2x)] = 0,
(3.17)
where Jk, Yk (k = 0, 1) are the Bessel functions.
If x0 = x0(a1a2) is the minimal positive root of equation (3.17), then
M0 =
a2
µ1x20
. (3.18)
If a2 = 0, then x0 is the ﬁrst positive root of function J0(x). If a2 = 1, then x0 = 2.40482/a1,
i. e., the hyperbola.
Using the inequality (3.14), we obtain
µ1
a∫
0
rw21r dr + µ2
b∫
a
rw22r dr > 2δE, (3.19)
δ =
1
M0
min
(
1
ρ1
,
1
ρ2
)
. (3.20)
Therefore, it follows from (3.7)–(3.10) that
dE
dt
+ 2δE 6 C1ρ1|f1(t)|
√
E , and
E 6
C21ρ
2
1
4
( t∫
0
|f1(τ)|eδτ dτ
)2
e−2δt. (3.21)
If
∞∫
0
|f1(τ)|eδτ dτ = C3, (3.22)
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then
a∫
0
rw21 dr 6
ρ1C
2
1C
2
3e
−2δt
2
,
b∫
a
rw22 dr 6
ρ21C
2
1C
2
3e
−2δt
2ρ2
. (3.23)
Remark 2. Boundedness of the integral (3.22) implies the boundedness of the integral (3.12).
Now, we have
w22(r, t) =
∣∣∣∣
b∫
r
(w22)r dr
∣∣∣∣ 6 2a
( b∫
a
rw22 dr
)1/2( b∫
a
rw22r dr
)1/2
6 C4e
−δt, (3.24)
C4 = ρ1C1C2C3
√
ρ
µ2
[a2 + ρ(b2 − a2)]
a
,
or
|w2(r, t)| 6
√
C4 e
−δt/2 (3.25)
for all r ∈ [a, b].
Unfortunately, similar arguments are not applicable for the estimate of |w1(r, t)|. We have to
ﬁnd another way. From the boundary condition (3.6) and (3.25) we obtain
|w1(a, t)| = |w2(a, t)| 6
√
C4 e
−δt/2. (3.26)
The initial value problem
w1t = ν1
(
w1rr +
1
r
w1r
)
+ f1(t), 0 < r < a;
w1(r, 0) = 0, |w1(0, t)| <∞, w1(r, t)
∣∣
r=a
= w1(a, t),
has the solution
w1(r, t) =
2ν1
a2
∞∑
n=1
µnJ0(µnr/a)
J1(µn)
t∫
0
w1(a, τ)e
−ν1µ
2
n
(t−τ)/a2 dτ+
+
2
a
∞∑
n=1
J0(µnr/a)
µnJ1(µn)
t∫
0
f1(τ)e
−ν1µ
2
n
(t−τ)/a2 dτ.
(3.27)
After some calculations we obtain the estimate
|w1(r, t)| 6 N1
{
e−δt/2, δ 6 2µ21ν1/a
2,
e−µ
2
1
ν1t/a
2
, δ > 2µ21ν1/a
2,
(3.28)
where µ1 is the ﬁrst root of the function J0(µ) = 0. Thus, the following theorem is proved
Theorem 3.1. The solution of the problem (3.1)–(3.6) tends to zero as t → ∞ subject to
condition (3.22), and the estimates (3.25), (3.28) hold.
In other words, if the pressure gradient in the mixture tends to zero suﬃciently fast, the
motion of mixture and ﬂuid is slowed down by the viscous friction according to inequalities
(3.27), (3.28).
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4. Solution in the Laplace Representation
Let us apply the Laplace transform to problem (3.1)–(3.6)
w˜j(r, p) =
∞∫
0
wj(r, t)e
−pt dt. (4.1)
As a result, we obtain a boundary-value problem for the ordinary diﬀerential equations:
w˜1rr +
1
r
w˜1r − p
ν1
w˜1 = − f˜1(p)
ν1
, 0 < r < a; w˜2rr +
1
r
w˜2r − p
ν2
w˜2 = − f˜2(p)
ν2
, a < r < b;
(4.2)
w˜1(a, p) = w˜2(a, p), w˜2(b, p) = 0; (4.3)
µ2w˜2r(a, p) = µ1w˜1r(a, p), (4.4)
with the exact solution
w˜1 = C1I0
(√
p
ν1
r
)
+
f˜1(p)
p
; (4.5)
w˜2 = C2I0
(√
p
ν2
r
)
+ C3K0
(√
p
ν2
r
)
+
f˜2(p)
p
. (4.6)
where C1, C2, C3 are well-known constants.
Suppose that the lim
t→∞
f1(t) = f
0
1 = const exists. Of course, in this case the function f1(t) does
not satisfy condition (3.22). Simple, but cumbersome calculations with the use of asymptotic
representations for Bessel’s function show that lim
t→∞
wj(r, t) = lim
p→0
pw˜j(r, p) = w
0
j (r), where
w0j (r) is the stationary solution (2.1).
5. On Determination of Flow Rate or Pressure Gradient
(Inverse Problem)
The volume ﬂow rate through the layers is often speciﬁed instead of the pressure gradient:
Q1(t) = 2pi
a∫
0
rw1(r, t) dr, Q2(t) = 2pi
b∫
a
rw2(r, t) dr. (5.1)
For the stationary solution, we have
Q01 =
pia4f01
4ν1
[
1
2
+
(
b2
a2
− 1
)
µ
]
, µ = µ1/µ2; (5.2)
Q02 =
piρ1f
0
1
8µ2
(b2 − a2)2. (5.3)
The ratio of ﬂow rates is
Q01
Q02
=
4
[
1/2 + µ
(
b2/a2 − 1)]
µ (b2/a2 − 1)2 .
For example, if b/a = 1.1, µ = 0.1, then Q01 ≈ 500 Q02.
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Assume that Q1(t) is known, therefore Q˜1(p) can be found as
Q˜1(p) = 2pi
a∫
0
rw˜1(r, p) dr = 2pi
[
f˜1(p)a
2
2p
+ C1
√
ν1
p
I1
(√
p
ν1
a
)]
. (5.4)
From this equation, we can ﬁnd f˜1(p) and hence
f1(t) =
1
2pii
l+i∞∫
l−i∞
eptf˜1(p) dp.
Thus, we can ﬁnd the unknowns w1(r, t), w2(r, t), f2(t) and the inverse problem is solved.
6. Determination of Temperatures
In this case, the initial boundary value problem has the form
T1t = χ1
(
T1rr +
1
r
T1r
)
−Aw1(r, t), 0 < r < a; (6.1)
T2t = χ2
(
T2rr +
1
r
T2r
)
−Aw2(r, t), a < r < b; (6.2)
T1(a, t) = T2(a, t), k1T1r(a, t) = k2T2r(a, t); (6.3)
T2(b, t) = 0, |T1(0, t)| <∞; (6.4)
T1(r, 0) = 0, T2(r, 0) = 0. (6.5)
Problem (6.1)–(6.5) exactly coincides with the problem (3.1)–(3.6) for wj(r, t), where one
should replace wj ↔ Tj with fj ↔ −Awj , and νj ↔ χj with µj ↔ kj . Note that kj = χjρjcj ,
where cj are the speciﬁc heats of the mixture and liquid.
Similarly to (3.19), (3.22), we ﬁnd the estimates
|T2(r, t)| 6 N2

t1/2e−δt/2, δ1 = δ,
1
|δ1 − δ|1/2
∣∣e−δt − e−δ1t∣∣1/2, δ1 6= δ, (6.6)
δ1 =
1
M0
min
(
χ1
k1
,
χ2
k2
)
; |T1(r, t)| 6 N1t1/2e−δ2t, δ2 > 0 (6.7)
δ2 = δ2(δ, δ1, χ1µ
2
1/a
2, ν1µ
2
1/a
2), µ1 ≈ 2.408. (6.8)
The application of the Laplace transform to (6.1)–(6.5) leads to the following boundary value
problem for representations
T˜1rr +
1
r
T˜1r − p
χ1
T˜1 =
A
χ1
w˜1, 0 < r < a; (6.9)
T˜2rr +
1
r
T˜2r − p
χ2
T˜2 =
A
χ2
w˜2, a < r < b; (6.10)
T˜2(b, p) = 0, |T˜1(0, p)| <∞; (6.11)
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T˜1(a, p) = T˜2(a, p), kT˜1r(a, p) = T˜2r(a, p), k =
k1
k2
. (6.12)
The exact solution of the problem (6.9)–(6.12) can be written as
T˜1(r, p)=D1I0
(√
p
χ1
r
)
− Af˜1(p)
p2
− AC1
pχ1(1/χ1 − 1/ν1) I0
(√
p
ν1
r
)
,
T˜2(r, p) = D2I0
(√
p
χ2
r
)
+D3K0
(√
p
χ2
r
)
− Af˜2(p)
p2
−
− AC2
pχ2(1/χ2 − 1/ν2) I0
(√
p
ν2
r
)
− AC3
pχ2(1/χ2 − 1/ν2) K0
(√
p
ν2
r
)
(6.13)
when ν1 6= χ1, ν2 6= χ2, i. e. Prandtle numbers are not equal to one. If ν1 = χ1, ν2 = χ2, then
T˜1(r, p)=D1I0
(√
p
ν1
r
)
− Af˜1(p)
p2
+
AC1r
2
√
p/ν1 χ1
I1
(√
p
ν1
r
)
,
T˜2(r, p) = D2I0
(√
p
ν2
r
)
+D3K0
(√
p
ν2
r
)
− Af˜2(p)
p2
+
+
AC2r
2
√
p/ν2 χ2
I1
(√
p
ν2
r
)
− AC3r
2
√
p/ν2 χ2
K1
(√
p
ν2
r
)
.
(6.14)
It can be shown that
lim
p→0
pT˜j(r, p) = T
0
j (r),
if lim
p→0
pf˜1(p) = f
0
1 , where T
0
j (r) is the stationary solution from (2.1).
7. Determination of Concentration
The initial boundary value problem for concentration perturbations has the form (B = 0)
Kt = d1
(
Krr +
1
r
Kr
)
+ α1d1
(
T1rr +
1
r
T1r
)
; (7.1)
K(r, 0) = 0; (7.2)
Kr(a, t) + α1T1r(a, t) = 0; (7.3)
|K(0, t)| <∞. (7.4)
It can be easily veriﬁed that
a∫
0
rK(r, t) dr = 0 (7.5)
for all t > 0.
Lemma 2 ([3]). Assume that the function g(r) ∈ C[0, a], a > 0, gr ∈ L2(r; 0, a) and
a∫
0
rg(r) dr =
0, then the Friedrichs inequality holds
a∫
0
rg2(r) dr 6
a2
4
a∫
0
rg2r(r) dr. (7.6)
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Remark 3. Instead of 1/4 we can take 1/x20, where x0 ≈ 3.8317 is the first positive root of the
Bessel function J1(x). In fact, it is enough to solve the variational problem
M0 = sup
w 6=0
a∫
0
rw2 dr
a∫
0
rw2r dr
,
with |w(0)| <∞ and
a∫
0
rw(r) dr = 0.
Taking into account the inequalities (3.25), (3.28), (6.6), (6.7) and (7.6), we obtain the estimates
a∫
0
rK2(r, t) dr 6 N3t
1/2e−δ3t, (7.7)
|K(r, t)| 6 N4t1/4e−δ3t/2, where δ3 > 0 is the function of δ1, δ, χ1µ21/a2, ν1µ21/a2.
The problem for the Laplace representation K˜(r, p) has the form
K˜ ′′ +
1
r
K˜ ′ − p
d1
K˜ = −α1p
χ1
T˜1 − Aα1
χ1
w˜1 ≡ F (r, p), 0 < r < a; (7.8)
K˜ ′(a, p) + α1T˜
′
1(a, p) = 0; (7.9)
|K˜(0, p)| <∞. (7.10)
The exact solution of this problem can be written as
K˜(r, p) = L1I0
(√
p
d1
r
)
+
+
r∫
0
yF (y, p)
[
I0
(√
p
d1
r
)
K0
(√
p
d1
y
)
− I0
(√
p
d1
y
)
K0
(√
p
d1
r
)]
dy,
(7.11)
L1 = −
[
I1
(√
p
d1
a
)]−1{ a∫
0
yF (y, p)
[
I1
(√
p
d1
a
)
K0
(√
p
d1
y
)
+
+I0
(√
p
d1
y
)
K1
(√
p
d1
a
)]
dy + α1
√
d1
p
T˜ ′1(a, p)
}
.
(7.12)
Again, if lim
p→0
pf˜1(p) = lim
t→∞
f1(t) = f
0
1 , then
lim
p→0
pK˜(r, p) = K0(r), (7.13)
where K0(r) is the stationary concentration from (2.1).
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Conclusions
The invariant solution of the equations of thermodiﬀusion motion is investigated. This solu-
tion describes the unsteady motion of an immiscible binary mixture and viscous liquid (lubricant)
with a common cylindrical interface under the action of pressure gradient. It was shown that
this problem can be reduced to the linear conjugate initial-boundary-value problem for parabolic
equations. A priori estimates of the velocity, temperature and concentration are obtained. If the
mixture pressure gradient tends to zero rapidly enough, then the motion is retarded by viscous
friction. The stationary solution of this problem is found and if the mixture pressure gradient
has a ﬁnite limit when time tends to inﬁnity, then the solution tends to the stationary state.
This statement is proved by using the properties of the Laplace transformation. Thus there are
three possibilities of the solution behavior. In the ﬁrst place, all unknowns tend to zero as time
increases if the condition (3.22) is satisﬁed. Secondly, all unknowns tend to a stationary state
as time increases if the there exists a ﬁnite limit lim
t→∞
f2(t). And the last case, the problem
considered has unsteady solution at any time, see the formulae (4.5), (4.6), (6.13), (6.14), (7.11),
(7.12). There has been previous work on planar layers [4].
This work was supported by Siberian Branch of Russian Academy of Sciences on integrated
project No. 65.
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Движение бинарной смеси и вязкой жидкости в
цилиндрической трубе под действием нестационарного
градиента давления
Виктор К.Андреев
Александр П.Чупахин
Исследовано инвариантное решение уравнений термодиффузионного движения и вязкой тепло-
проводной жидкости, которое представляет собой однонаправленное движение в цилиндрической
трубе с общей границей раздела. Получены априорные оценки скорости, температуры и концен-
трации. Найдено стационарное состояние и показано (при некоторых условиях на градиент дав-
ления), что это состояние является предельным. С другой стороны, если градиент давления
бинарной смеси стремится к нулю достаточно быстро, то движение в трубе останавливается
за счет вязкого трения.
Ключевые слова: термодиффузия, инвариантное решение, поверхность раздела.
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